Abstract. Consider a system (X, F , µ, T), bounded functions f 1 , f 2 ∈ L ∞ (µ) and a, b ∈ Z. We show that there exists a set of full-measure X f 1 , f 2 in X such that for all x ∈ X f 1 , f 2 and for every nilsequence b n , the averages 1 N N
Introduction
Throughout this paper we denote by a system a probability measure space (X, F , µ, T) where T is a measure preserving transformation on it. Without loss of generality we can assume that the system is standard meaning that X is a compact metric space, T a homeomorphism and F the σ field of the Borelian subsets of X . The purpose of this note is to answer a question raised by B. Weiss relative to the extensions of J. Bourgain double recurrence theorem obtained recently in [2] , [4] and in [3] . We start by recalling the definition of a nilsequence as given in [12] .
Definition 1.1. Let a n be a sequence of complex numbers . This sequence is a k − step basic nilsequence if it can be written as F(g n Γ)
, where F ∈ C(X) , X = G/Γ, G is a k step nilpotent group, Γ a discrete cocompact subgroup, and g ∈ G.
Definition 1.2. A sequence a n is a k-step nilsequence if it is a uniform limit of k-step basic nilsequence.
The interest in nilsequences appears in several papers linked to problems in number theory see for instance the papers by B. Green and T. Tao , [8] , [9] , [10] and the paper by V. Bergelson, B. Host and B. Kra [6] . Our interest in these sequences comes from the simple observation that sequences of the form e 2πin or e (P(n) where P is a real polynomial with integer coefficients, are nilsequences and that these weights were used to obtain Wiener Wintner extension of J. Bourgain result in [2] and [4] . Our main result is the following 
Thus the answer to B. Weiss question is positive.
Proof of the main theorem
The main ingredients in the proof are
(1) Some properties of nilsequences given in [12] (2) Elements in the proof of the pointwise convergence of the averages along the cubes estab-
2.1. Preliminaries. We extract from [12] some properties of nilsequences that we will be using.
First we need some notations. Let a n be a bounded sequence of real numbers . For every k ≥ 1
The next lemmas list the properties we seek.
Lemma 2.1. Let a n and b n two nilsequences of order respectively k 1 and k 2 then (1) the sequence c n = a n b n is a nilsequence of order max{k 1 , k 2 } Proof. The first part follows immediately from the nilpotent structure of the product of two homogeneous spaces generating the sequences a n and b n . The second part is a consequence of the unique ergodicity of the system associated with the k step nilsequence α n . Lemma 2.2. Let us fix k ∈ N. Assume that the real bounded sequence a n is such that 
(3) Furthermore if I denotes the σ field of the T b−a invariant subsets of X there exists a kernel K(x, y)
such that we have
Proof. By using a countably dense set of continuous functions F j on X 2 we can find a setX of full measure in X on which the averages
By approximation we can conclude that on the same setX we have the convergence of these averages for each continuous function F on X 2 . By Riesz representation theorem we can find a measure µ x on
For the particular case where F = f ⊗ g we derive the equality
by integration with respect to the measure µ. It remains to identify the measure ω. Simple computations, using the measure preserving property of the map T a , show that
where I is the σ−algebra of invariant subsets for the map T b−a . In other words ω is the relatively independent joining over the σ algebra I. 
Proof. First we need to check that c h (x) exists for a n (x) = g 1 (T an x).g 2 (T bn x). This follows from J.
Bourgain a.e. double recurrence result [7] . Indeed the quantity ∏ ǫ∈{0,1} k a n+h.ǫ (x) can be written as the product of two functions G 1
. Therefore for µ a.e. x the limit of the averages
exists. To be more explicit and for the simplicity of the notation we can look at the case k = 3.
The same ideas will give the proof for the case k > 3. The product ∏ ǫ∈{0,1} k a n+h.ǫ (x) is equal to the product of
and
By Lemma 2.2 we have
Our goal is to show that
This last equation would certainly suffice to prove Lemma 2.4. To establish (3) we will show that (4) lim sup
To this end we use Lemma 2.3 lim sup
The quantities 1
(y) represent averages along cubes of order 3. The pointwise estimates obtained for these averages in Lemma 6 in [1] gives us the inequality 1
where C is an absolute constant. We would like to prove that under the assumption made on the the functions g 1 and g 2 the last term converge to zero. To this end we use some of the estimates made in [1] . As x and y will be fixed throughout these estimates, to simplify the notations we 2 y) . We use the van der Corput lemma (see [13] ) to derive that for (K + 1) 2 < H we have
As a consequence because the sequence α n is assumed bounded by one we have
(by Cauchy Schwarz inequality)
Now we can apply part 2 of the remarks 3 in [1] . It gives us the following estimate
Going back to the functions g 1 and g 2 we have obtained the estimate 1 
Therefore we have
As a consequence of (5) we derive the following estimate.
lim sup
By taking the limit with respect to K we obtain the upper bound min (|||g 1 ||| 4 , |||g 2 ||| 4 ). Thus if g 1 or g 2 belongs to Z ⊥ 3 we have shown that the sequence
converge a.e. to zero. The dominated convergence theorem allows us to end the proof of this lemma for k = 3. The general case k ≥ 4 follows similar steps.
So we have shown that we can find a set of full measure X 1 such that if one of the functions f or g in the statement of our main theorem belongs to Z ⊥ k−1 then the averages 2.4. The functions f and g belong to Z k−1 . We can assume that each function f and g is continuous. It turns out that for each x the sequences f (T an x) and g(T bn x) are themselves k step nilsequences. As the product of two k − 1 step nilsequences is also a k − 1 step nilsequence we can conclude that the product f (T an x)g(T bn x)c n is also a k-step nilsequence and therefore the convergence of the averages Combining the results in each subsection we have obtained a proof of our main theorem.
